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Concevity  arguments  arc  employed  so  as  to  obtain  growth  estimates  for  solutions 
to  two  initial-value  problems  associated  with  a class  of  damped  integro- 
differential  equations  in  Hilbert  space;  by  applying  the  results  obtained 
in  this  abstract  setting  »ie  ebaali^rowth  estiaiateV^  for  the  gradients  of 
electric  displacement  fields  which  occur  in  a class  of  holohedral  isotropic 
nonconducting  rigid  dielectrics. 
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1 . Introduction 


In  [1]  we  eaployed  a Modified  version  of  a concavity  arguaient 
due  to  Levine  C2]  to  obtain  growth  estiaates  for  solutions  to  a 
class  of  initial-value  probleas  associated  with  an  undaaped  linear 
integrodifferential  equation  in  Hilbert  space;  our  results  were 
subsequently  applied  to  the  derivation  of  growth  estimates  for 
the  gradients  of  electric  displacement  fields  occur ing  in  a 
class  of  rigid  nonconducting  material  dielectrics  of  Haxwell- 
Hopkinson  type.  Unlike  the  stability  and  growth  estimates  which 
were  obtained  in  [3]»  the  results  of  (i]do  not  require  that  the 
electric  displacement  fields  belong  to  certain  uniformly  bounded 
sets  in  a given  function  space. 

In  the  present  work  we  will  extend  certain  of  the  results 
of  [1]  to  a class  of  damped  linear  integro'  ''ential  equations 
in  Hilbert  space;  it  will  be  clear  from  tht.  .m  of  our  results, 
and  the  specific  content  of  the  associated  hypotheses,  that 
analogous  estimates  for  the  undamped  equations  can  not  be  recovered 
from  the  estimates  contained  in  the  present  paper  by  simply  setting 
the  damping  coefficient  equal  to  zero.  The  growth  estimates  derived 
in  §2  are  applied,  in  S3,  to  the  evolution  of  electric  displace- 
ment fields  which  occur  in  a class  of  holohedral  isotropic  rigid 
dielectrics  of  the  type  first  studied  by  Toupin  & Rivlin  C4]; 
stability  and  growth  estimates  for  electric  displacement  fields 
which  uucur  in  such  dielectrics  were  previously  obtained  in  t5j 
but,  .1-  .iM  rs],  these  estimates  were  derived  via  a logarithmic 
convexity  argument  which,  by  its  intrinsic  nature,  requires  that 


• • 
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the  class  of  electric  displacement  fields  considered  as  admissible 
satisfy  an  a priori  upper  bound  in  the  norm  of  a certain  Hilbert 
space . 

2 . Growth  Estimates  for  a Damped  Abstract  Integrodifferential 
Equation, 

As  in  ClJ  we  will  denote  by  H any  real  Hilbert  space  with 
inner-product  <»>  and  norm  1 1 C* ) I I . By  H^  we  denote  a second 
Hilbert  space  with  inner-product  <»>^  and  norm  ||(•)ll^»  we 
assume  that  H^  c H,  both  algebraically  and  topologically,  and 
we  let  y > 0 denote  the  embedding  constant  for  the  map  i:  H^  H 
(i.e.,  for  all  v e H.,  ||v|l  s Yl|v||  ).  Finally  we  define  H 
to  be  the  completion  of  H under  the  norm  II (•)!!_  that  is  given  by 

Jlwll  = sup  tj<v,w>)/) |v) ) . ) 
vcH^  ' 

Appearing  in  the  statement  of  the  abstract  initial-value 
problems  which  we  will  consider  are  operators  N e 
and  K c L^CC-,-);  LgCH^,H_))  where  LgCH^,H_)  denotes  the  space 
of  all  bounded  linear  operators  from  into  H_ . We  assume 
that  K^Ct),  the  strong  operator  derivative  of  K,  exists  and  that 
K.  e LgCH. ,H  )).  In  addition  we  will  require  that 


(i).  - <v,  K(0)v>  i 0,  V V e 

til)  <v,  Nv>  J:  0,  Vv  6 

1 

(iii) 
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for  each  T > 0.  We  remark  that  whereas  (ii)  was  not  needed  for 

the  logarithmic  convejtity  argument  that  was  employed  in  [5]  we 

did  require  in  [5]  that  KCO)  satisfy  a hypothesis  which  is 
stronger  than  (i)  above,  namely, 

Ci')  - <v,  K(0)v>  i Kllvll?,  Vv  e H. 
with  It  i yT 

Now,  let  r > 0 be  a given  real  number.  The  problems  of 
interest  to  us  here  assume  the  following  forms: 

a - Cl ) 

Problem  A For  any  o > 0 denote  by  u a strong  solution  to 

(2.1a)  u“^  + Fu®  - Nu“  + /^^KCt-T)v“(T)dT  =0,  0 i t < T 

t2.1b)  u®C0)  = oUq,  u“C0)  = Vq  (Uq,  Vq  e H^) 

C2.1c)  = yCx),  - « < T < 0 

where  U:C-",0)  H.  and  satisfies  ||U(t)|1  di  < «• 

We  seek  to  derive  a lower  bound  for  sup  ||u®||^  in 

-oo<t<T 

terms  of  a,  y*  F*  Uq,  Vq,  U,  the  length  of  the  interval  [0,T), 
and  the  operator  norms  of  N,  K,  and  K^. 

(1)  u“  c C^C[0,T);  H^),  for  each  a > 0,  with  u“  e C^C[0,T);  H^) 
and  u“^  < C(lO,T)j  H_). 


XT 
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Problem  B 

For  any  B > 

0 denote  by  u 

C2.2a) 

ruj  - 

* 

(2.2b) 

u®CO) 

= Ho* 

ujco) 

^X 

II 

(< 

o 

(2.2c) 

u®Ct) 

= gC6)ycT), 

- •»  < 

where  gtfi)  is  a monotonically  increasing  function  of  6 for 


.B, 


0 < B < •».  We  seek  a lower  bound  for  sup  I |u  | | . in  terms 

-•<t<T  ^ 


of  the  data  indicated  above . 

In  each  of  the  two  problems  stated  above  we  will  require, 
in  addition  to  conditions  Ci)  - Ciii)  that  Uq,  Vq  and  U satisfy 


Civ)  ^ ® 


and 


(v)  <Uq,  /°,K(-T)UCT)dT  > < 0 


We  are  now  ready  to  state  and  prove  our  first  estimate, 
namely , 


Theorem  II. 1 Let  u®  be  a strong  solution  to  C2.1a)  - (2.1c) 
and  suppose  that 


(2 v3a) 


<a)  lluo'l^  * f ‘Ho*  V 


(2.3b)  Cb)  T > 


1 rjisoiv — 1 

- niiioii  J 


Then  for  each  a > 


MiiaMMiiitiei 


(2.4)  sup  I |u“Ct) I I 

_ao<t<T  “ 

where 


[ vl 


_^KC-t )U(t )dT> 


C2.5)  = ’sl  INI  * <^0* 


Proof  Suppose  that  for  some  o = 5, 


o > I IvqI  I/<Uq,  NUq>’* 


(2.6) 


sup  I 
»<t<T 


K(-T)U(T)dT>l% 


where  T satisfies  (2.3b).  If,  as  in  [ID,  we  set 


(2.7)  FjCt)  = <u“(t),  u“Ct)>,  0 s t < T 


then  a direct  computation  yields 


(2.8)  F-F-"  - (5+1)f’^  = 4(a+l)sH, 

a a a 


+ 2F-{<u“,  u“  > - (25+l)<u“,  u>) 

01  ^ ••  t L **»  L -wX 


a ..a. 


where  S.  = 
a 


|u®||^  l|u®||^  - <u®,  u®>  i 0 by  virtue  of  the 
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Schwartz  inequality.  Thus 

(2.9)  FjF-"  - CS+Df!^  i 2F-J-,  0 s t < T 

where  by  C2.8)  and  C2.ia) 

(2.10)  J-(t)  = <u“,  Nu“>  - <u“,  /^„K(t-T>u“(T)dT> 

- r<u®,  u“>  - C2a+l)<u®,  u“> 

We  will  show  that  [e^'‘^(Fl®) ' ] ' s 0 for  0 s t < T by  proving  that, 
under  hypotheses  Ci)  - Cv)  above,  J-Ct)  2 -Cr/2)FgCt);  this,  in 
turn,  will  lead  to  a contradiction  of  C2.6).  Directly  from 
C2.10)  we  have 

(2.11)  jJCt)  = 2<u“,  Nu®>  - ^ <u“,  /^^KCt-T)u“CT)dT> 

- r<u“,  u®>  - r<u“,  u“^>  - 2(2a+l))<u“, 

= - 45<u“,  Nu“>  - ^ <u“,  /^^KCt-T)u“CT)dT> 

- r<u^,  u“>  - r<u“,  u“^>  + 2r(2a+l)<u^»  u“> 

+ 2C2o+l)<u“,  /^„K(t-T)u“(T)dT> 

■Uy  integrating  (2.11)  from  zero  to  t,  using  the  fact  that 
(J.12)  J5(0)  = c;^<Uq,  NUq>  - a<UQ,  /°^K(-T)U(T)dT> 

-ra<Uy,  Vq>  - (2a+l) I IvqI 1^ 


-7- 

and  dropping  the  term  proportional  to  | I | | , we  obtain 

(2.13)  ^ " 2aC<u“,  Nu“>  - a^<UQ,  NUq>) 

- <u°‘,  /^^KCt-T)u“CT)dT> 

+ oi<UQ,  /^^Kt-T)UCT)dT> 

- r(<u“,  u“>  - Ct<UQ,  Vq>) 

+ 2C2a+l)/J  <u“,  /^^KCT-X)u“cX)dX>dT 
= (2o+l) [a^<UQ , NUq>  - IIVqII^]  - 2a<u°^,  Nu°‘> 
+ 2C2a+l)/J<u“,  /^„KCT-X)u“CX)dX>dT 

- <U^,  /^^KCt-T)u^CT)dT>  - r<u“,  u“> 

However,  in  view  of  hypothesis  Ci)  above 

C2.14)  r KC'r-X)u“CX)dX>dT  i 

ll  ^ <u“,  /];„KCT-X)u“(X)dX>dT 

- Iq  <u“Ct),  /^„K^(T-X)u“CX)dX>dT 
.ind,  therefore,  (2.13)  yields 

,.*.xb)  J-(t)  i (2a+l)[  a^<Un,  Nu_>  - l|v-||^ 

a ~u  — 0 ~u 

+ 2a  1 <Uq,  /°„K(-T)U(T)dT>  |] 


MMiMMaMMiMHigM 


- 2a  <1^“,  Nu“> 

+ C4a+l)<u“,  /^^KCt-T)u“CT)dT> 


- 2C25+1)/q<u“,  /^^K^CT-A)u°‘CA)dX>dT  j 

- r<u  , u^>  i 

I 

t 

where  we  have  made  use  of  hypothesis  Cv)  above.  If  we  set  | 


’*T,5  = [ 


|<Uq,  /_^KC-T)UCT)dT>lp  ^ 


yI. 


/5 


where  is  given  by  C2.5)  then  routine  estimates  employing  the 
the  Schwartz  inequality,  coupled  with  the  assumption  C2.6), 
yield  the  lower  bounds 


(2.16a)  <u“,  /^^KCt-T)u“CT)dT>  s - YM^jO  CH  ,H  ) 

® S ^ “ 


2 


dp 


(2.16b)  /^„KT.(t-A)u“CA)dA>dT 


- <u“,  Nu“>  i - YM^_5l|N||, 


and 

(2.16c) 


dxdt 


Combining  the  above  estimates  with  C2.15),  making  use  of  the 
definition  of  again,  and  using  the  assumption  that 
o > IIvqI1/<Uq,  NUq>^  we  easily  obtain  from  (2.15) 


Ml  so*r 


(2.17) 

J-Ct)  ^ - r<u°^,  u”> 

Therefore , 

by  (2.9) 

(2.18) 

F-F-."  - Ca+1)F^^  ^ 
a a ot 

or 

(2.19) 

[e^''^CF-"“)’]'  i 0, 
a 

-vF-'Ct),  Oit<T 
2 a 


Two  successive  integrations  of  C2.19)  easily  yield  the  lower 
bound 

t ^ -r,  OL  , . \ ^ 11  Ot//i\ri  f 1 _~^t^~11•/-■v/pr1/•^^^~i 


(2.20)  ^ F-“C0)[1  - a-e"^^)aF^C0)/rF-(0)]' ■ 
The  expression  in  the  brackets  above  will  vanish  at 

(2.21)  ■‘^00  = f ■^‘^2<Uq,  ~0^  ■ 


provided  that  C FF- C0)/aF-C0) ] < 1.  But 


FF-CO)  Fa^llUfill^ 

(2.22)  < 1 


a F-(0)  2a<aUQ,  Vq> 


I Ty 


if,  as  per  the  hypothesis  of  the  theorem,  the 

2 2 

initial  datum  is  restricted  so  as  to  satisfy  I I ^0 M < jr 

By  our  other  basic  hypothesis,  i.e.,  C2.3b),  it  follows  that 

t < T and,  therefore,  sup  l|u°^Ct)||  = + Thus, 

0<t<T 


(2.23) 


sup  llu^Ct)!!  s Y sup  l|u“(t)||^ 
_oo<t<T  ~ _oo<t<T 
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which  contradicts  C2.6)  and  establishes  the  growth  estimate  C2.4). 

Q.E.D. 

The  last  theorem  admits  the  following  corollary  whose  proof 
is  immediate  (based  on  our  previous  computations.): 

Corollary  II. 1 Let  f(a)  be  a real- valued  function  for  0 < a < » 

with  sup(— . For  each  ot  > 0 let  u e C ([0,T  )5 
a<0 

a strong  solution  to  C2.1a),  on  CO,  subject  to  C2.1c)  and 

the  initial  conditions 


(2.24)  u“(0)  = f(a)uQ,  ^“(0)  = v^ 


where 


r 

2 


sup  ) and 

a>0  “ 


- 2 
(2.25)  ^ ^n  [2a<UQ,  VQ>/2a<UQ,  Vq>  - rf(a)MuQ||  J 

Then  for  each  a satisfying 


(2.26) 


f Ca)  s 1 IVqI 1 /<Uq,  NUq> 


^6 


it  follows  that 


(2.27)  sup  I |u  Ct) 11+^ 

-oo<t<T 

a 


/^^K(-T)U(T)dT>l 


yl 


/f  ( a ) 


a 


where  is  given  by  (2.6)  with  T T^ 

Having  completed  our  formal  discussion  of  problem  A we 
now  turn  our  attention  to  the  system  consisting  of  (2.2a)  - (2. 2c) 


and  sit.jle 


1 


ir 


II 


I 


i 


Theorea  11.2  Tor  •acb  r«*l  0 > 0 l#t  m*  « C^CC0*T)4  M.)  !>•  * 
strong  solution  of  C2.2«)  - C2.2e)  and  supposs  that  tha  initial 
datum  satisfy 


(2.20)  <Uq,  hu>  S 

Let  6 > 0 b«  any  positive  constant}  then  if 
T > J fn  (2o^<Uq,  YQWC?®g<»f0*  V " 

where 


(2.29) 


sup  llu*||  a / 
--<t<T  * L 


l^wn»  /^.lt(-t)0(t)dl 


-]' 


for  all  0 < 0 < •. 


Proof.  The  proof  strongly  resembles  the  line  of  argument  followed 
in  the  proof  of  the  previous  theorem  with  one  important  difference. 
We  assume  that  for  some  0*1,  0<i<* 


* 


u 


(2.30) 


sup  I lu^l I < 5 

-•<t<T  * *** 


where 

(2.31) 


"t.S*  [ 


|<Uoi  /^.lt(-t)U(t)dt>|  1 H 


rlr 


] Vrrr 


and  T > 


1 rjV^oLV .] 

V • **'>“o'*  J 

Defining  r5(t)  * <u®Ct),  u^(t) 


9 


0 s t < Tg  we  now  coflipute  that 


17 


for  «ny  o > 0 

<a.32)  r|r|  - Co^i)r|*  • » r|  j , o • t * t 

wh«r« 

(2.33)  L lit)  ■ /*  )df > 

II  II 

- r<u, * a*>  - C2o*l)<u,»  u,» 

A diroct  cosputotion  onologou*  to  thot  uood  in  posoiof  from 
(2.10)  to  (2.16)t  thon  yioldo 

<2.3»»)  * <2o*l)(<^.  - r«M^,  u\> 

* 2g(i)(2a«l)|<^.  /^^K(-t)U(T)di»| 

- 2o<u^,  llu®> 

m mm 

* (^©♦l)<u^,  /*  K(t-t)u®tt)dt> 

* 2(2o^l)/J<u®,  /l^K,<T-A)u®CX)dA>dt 

If  MO  now  mXo  uso  of  (2.2t)*  so  «•  to  drop  the  first  expression 
on  the  right-hand  side  of  (2.3S),  and  then  esiploy  the  assusipution 
embodied  in  (2.30)  to  bound,  from  beloM,  the  last  three  expressions 
in  the  above  estimate  vc  easily  obtain 

(2.35)  gtt)  » - I FjCt)  ♦ 2C2o^l)g(B)|<^ /°.KC-t)UCt)dt>( 

- t2o^l)TM^^g  •?* 
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(3.36) 


• * /J  /!-i>!S‘*-’*"isOi,.ii.>'*'<*'J 

j(t)  » - y Fjtt)  ♦ 2(2o*l)jg(l)|<UQ,  /^.KC-T)U(t )dT> I 


• - 7 

in  vi«w  of  the  definitions  of  snd  g.  Thus,  by  (2.32)  and 
C2.362)  it  follows  that 


(2.37)  FjFg  - (a^DFj'  » - TFgFg,  0 s t < T 


for  any  a > 0.  Integrating  (2.37)  we  find  the  estimate 

(2.38)  * Fg(0)[l  - (l-'»“^^)oFg(0)/rFg(0) ) ^ 

However,  (2.38)  implies  that  Fg(t)  tends  to  ♦ • as 


1 . r 1 

t ■*  - jr  tj\  I 2 I 


(provided  we  now  choose  a ~ a^. 


(2.39)  Og  = (r|)uQir/2  <Uq,  Vq>)  ♦ 6 


1 
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80  that  t^  exists).  By  virtue  of  the  hypotheses  of  the  theorem 

T > t and  thus  sup  llu®||  a ♦ The  contradiction  to  (2.30) 

• [O.T)  - 

now  follows  via  the  same  type  of  argument  that  was  eemployed 
in  the  last  theorem.  Q.E.D. 

3.  Growth  Estimates  for  Holohedral  Isotropic  Dielectrics 
3 

Let  Q t R be  a bounded  region  which  is  filled  with  a non- 
conducting material  dielectric;  we  assume  that  30,  the  boundary 
of  0,  is  smooth  enough  to  admit  application  of  the  divergence 

theorem.  Let  E,  B,  P,  and  D denote,  respectively,  the  electric 

00  »0 

field  vector,  the  magnetic  flux  density,  the  polarization  vector, 
and  the  electric  displacement  vector  in  0;  the  fields  E and  D 
are  related  by 

? = ‘o5  * ? 

where  Cq  > 0 is  a physical  constant.  If  we  define,  in  the  usual 
manner,  the  magnetic  intensity  H via 

where  c is  the  speed  of  light  in  a vacuum,  then  in  a Lorentz 
I reference  frame  Cx^,t),  i = 1,2 ,3, Maxwell's  equations  have  the 

[ form  ^ 

3B 

(3.1a)  ~ + curl  E = 0,  div  B = 0 

d t 


(3.1b) 


3D 

curl  H = 0,  div  D = 0 


5- 


provided  the  density  of  free  current,  the  magnetization,  and 
the  density  of  free  charge  all  vanish  in  fl  and  the  dielectric 
medium  is  non-def ormable . In  order  to  obtain  a determinate 
system  of  equations  for  the  fields  appearing  in  C3.1a)  and  (3.1b) 
we  must  specify  a set  of  constitutive  relations,  e.g.,  in  a 
vacuum  P = 0 and  thus 

(3.2)  D = 5 ~ ^0  ~ 

while  in  a rigid,  linear,  stationary  nonconducting  dielectric 
these  relations  assume  the  form 

(3.3)  P = = 

with  € and  y constant  second  order  tensors;  these  latter  relations 
were  first  put  forth  by  Maxwell  [6]  in  1873.  A more  general 
theory  was  introduced  by  Volterra  [7]  in  1912  to  treat  the  case 
where  the  dielectric  is  anisotropic,  nonlinear,  and  magnetized; 
his  constitutive  equations  had  the  general  form 

t 

(3.4a)  D(x,t)  = £ • E(x,t)  + £(E(x,t)),  x e il 

t 

(3.4b)  B(x,t)  = p • HCx,t)  + B tHCx,T),  x € fl, 

If  the  functional  V is  linear  and  isotropic, and  the  body  satisfies 
various  restrictions  that  follow  from  material  symmetry  considerations 
then  (3.4a)  can  be  shown  to  reduce  to  an  equation  of  the  form 


(H.S) 


D(x,t)  = cE(x,t)  + /^^<|'Ct-T)E(x,T)dT , X c n. 
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which  embodies  the  earlier  constitutive  hypothesis  of  Hopkinson 
[8].  The  relations  C3.4a>»  C3.4b)  were  critically  examined  by 
Toupin  and  Rivlin  C4]  who  showed  that  the  a priori  separation 
of  electric  and  magnetic  effects  which  is  hypothesized  in  these 
equations  is  inadequate  with  regard  to  predicting  such  phenonmena 
as  the  Faraday  effect  in  dielectrics.  Toupin  and  Rivlin  C4] 
thus  proposed  an  extension  of  the .theory  embodied  in  C3.4a) 
and  (3.4b)  to  one  specified  by  constitutive  relations  of  the 
form 

(3.6a)  DCx,t)  = I a..  • E^^^Cx,t)  + I c.  • B^^^(x,t) 

j=0  ~ ~ j=0  ~ - 

+ /^„<>2Ct,T)  • E(x,T)dT  + /^^(f>2(t,T)  • B(x,T)dT 

(3.6b)  HCx,t)  = I b.  • E^^^(x,t)  + I d.  » B^^^(x,t) 

3 = 0''^''  - . j=0  ~ 

»+  , T ) • E(x,T)dT  + • B(x,x)dT 

where  E^^^(x,t)  = etc.,  a....  d.  are  constant 

3tJ 

tensors  and  the  kernels  i = 1,2,  are  continuous  tensor 

functions  of  t and  t which  are  assumed  to  satisfy  growth 
conditions  of  the  form 

(3.6c)  ♦j^CtjT)  < C/Ct-T)^'^P,  p > 0 

It  '•«•(  Jve  shown  that  if  the  dielectric  does  not  exhibit  aging 
then  D and  H are  periodic  functions  of  t whenever  E and  B are. 


1 
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By  combining  this  result  with  the  assumed  growth  conditions  on 
the  kernel  functions  and  employing  early  results  of 

Volterra  on  the  theory  of  functionals  [7]  Toupin  and  Rivlin 
[4]  conclude  that  <^.  and  ij/.  depend  on  t and  t only  through  the 
difference  t-t;  they  then  prove  that  if  the  dielectric  has 
holohedral  symmetry  Cadmits  the  full  othogonal  group  as  its 
group  of  material  symmetry  transformations)  the  consititutive 
relations  C3.6a)  and  C3.6b)  can  be  reduced  to  an  uncoupled  set 
of  the  form 

C3.7a)  DCx,t)  = I a.E^^^Cxjt)  + /'‘^^(j)(t-T)ECx,T)dT 

j_0  ~ 

(3.7b)  H(x,t)  = I b.B^^^tx,t)  + i|)(t-T)Btx,T)dT 

j=0  ~ 

where  are  now  scalar  functions. 

In  this  section  we  will  examine  the  implications  of  the 
growth  estimates  obtained  in  S2  for  the  special  case  of  (3.7a), 
(3. 7b)  which  corresponds  to  the  simplifying  assumptions 


(3.8)  aj=0,  bj=0,  jil 
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assumed  to  satisfy 


(3.10)  lim  Cx,t))^CEj^Cx,t))^dx  = 0 

with  a similar  hypothesis  applying  to  it  was  assumed 

that  t,  = 0).  Therefore,  the  constitutive  relations  C3.7a), 
n 

C3.7b)  reduce  to 

(3.11a)  DCxjt)  = a^ECXjt)  + ^Ct-T)ECx,T)dT , x c fl 

h 

and 

(3.11b)  HCx,t)  = b^ECx,t)  + i|»(t-T)BCx,T)dT , x € fl 

where  we  assxime  that  ®re  monotonically  decreasing  functions 
which  are  (at  least)  twice  continuously  differentiable  on  (0,®). 

If  we  now  set 

(3.12)  Kt)  = I C-l)^4>^Ct),  t 2 0 

n=l 

<^^tt)  = ^ ♦Ct),  (j>’™Ct)  = 1^.  (J)^(t-T)4.’^‘^CT)dT,  n ^ 2 
^0  “^h 

and  define  yCt)  in  terms  of  i|»(t)  in  an  analogous  fashion,  then 
it  is  easy  to  show  that  the  technique  of  successive  approximations, 
when  applied  to  (3. 11a)  and  C3.11b),  yields,  respectively. 


(3.13a) 

and 


ECx,t)  = aQ^pCx,t)  + ♦(t-T)D(x,T)dT , x c ft 


-Irt 


(3.13b)-^  B(x,t)  = b"^H(x,t)  + 'fCt-T  )H(x,t  )dT , x c ft, 

' - u - - u - - 


-1ft 
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'I 

i 


I 


[ 

\ 


As  a direct  consequence  of  C3.9a)  and  tS.lla)  we  have 


Dtx,t) 


0, 

DjjCxjt),  -t^  i t < 0 


and,  in  view  of  (3.10), 


C3.15)  lim^/oCl>j^Cx,t))^CDj^Cx,t))^dx  = 0 

We  shall,  however,  require  that  the  past  history  of  the 
electric  displacement  field  satisfy  a slightly  stronger  condition 
than  (3.15),  namely,  that 


( 


ft 


t 


t 


I 

i 


(3.16)  lim^  •Dj^(x,t)  = 0,  uniformly  in  ft 
t-th  “ 

• 

If,  in  addition,  Dj^Cx,t)  is  continuous  in  t for  all  t < 0 then 
for  all  X € ft,  -t^)  = 0 Cfor  our  purposes  it  is  sufficient 

to  assume  that  Dj^(x,t)  is  continuous  in  t for  all  t in  some 
neighborhood  of  -tj^  of  the  form  [-t^,o],  a < 0). 

The  inverted  constitutive  relations  (3.13a)  and  (3.13b), 
when  coupled  with  Maxwell's  equations,  our  hypotheses  relative 
to  the  past  history  , and  the  vector  identity 

(3.17)  AVCx)  = grad(div  V(x))  - curl  curl  V(x),  x c fi 

now  yi  - ■ the  following  result  regarding  the  evolution  of  the 

electric  displacement  field  D in  a holohedral  isotropic  dielectric 


■J 


of  the  type  specified  by  C3.11a)  and  C3.11b): 

Lemma  The  evolution  of  the  electric  displacement  field  DCx,t) 
iu  any  holohedral  isotropic  nonconducting  dielectric  Cwhich 
conforms  to  the  constitutive  hypotheses  C3.11a)  and  C3.11b))is 
governed  by  the  following  system  of  damped  integrodifferential 
equations  in 


(3.18) 


2 

3D, 


3^D.  3D. 

^ , nO)^  > nO)[D.  - ^3^] 


3t 


;;  S'^D,  Ct) 

* /!  «(t-T)D,(T)  - C52)«Ct-,)d,^6.^ 

r,  ^ j 


n o 

= 0;  i = 1,2,3,  c^  = bQ/aQ^CO) 


provided  the  past  history  Dj^  satisfies  Dj^(xrtj^)  = 0 for  all 


X e fl  and  ¥(0)  ^ 0. 


Proof  By  C3.13a)  and  the  second  Maxwell  equation  in  (3.16)  i: 
follows  that  div  E = 0.  Thus,  by  (3.17) 


(3.19)  AE(x,t)=-  curl  curl  E(x,t) 

However,  by  the  first  Maxwell  relation  in  (3.1a)  and  (3.14b) 
we  have 

(3.20)  curl  E(x,t)=-'^B(x,t) 

= - ^ ^ HCx,t)  - y(0)H(x,t) 

- ^ t^(t-T)H(x,T)dT 


-21- 


Therefore , 
C3.21) 


AECxjt)  = ^ [curl  HCx,t)]  + ^ 'FCO)curl  HCx,t) 

~ E>q  3t  ~ ~ £)q  ~ ~ 

+ /^.  'F.  Ct-T)curl  HCx,T)dT 

bo  t 


^ D.  . U,t)  + 7^  'FCO)D.  Cx,t) 
“O  ^ “O 


+ r (t-T)D^Cx,T)dT 

where  we  have  employed  the  first  Maxwell  equation  in  (3.1b) 
However , 


(3.22)  'F^(t-T)D^Cx,T)dT  = - 'F^(t-T)D^(x,T)dT 


= - 4'  (t-T)D(x,T)  1 

T ~ ~ -tv 


+ 'F^^(t-T)DCx,T)dT 

= 4'.  (t-T)D(x,T)  l'*^. 

X ^ — — X-L 


+ /^.  4*  .(t-T)D(x,T)dT 

■th 
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if  we  use  the  assumption  that  D,  Cx,  - t,  ) = 0 for  all  x c fi. 

xi 

The  result  now  follows  if  we  substitute  for  E on  the  left- 
hand  side  of  C3.23)  from  C3.13a)  and  rearrange  terms.  q 

In  conjunction  with  the  system  of  integrodifferential  equations 
(3.18),  for  the  components  of  the  electric  displacement  vector 
D,  we  will  consider  initial  and  boundary  data  of  the  form 


(3.24a)  D(x,0)  = DqCx),  D^(x,0)  = D^(x),  x e 

(3.24b)  D(x,t)  = 0,  Cx,t)  e 3(2  X C-tj^,  T)  . 


It  will  be  clear  from  the  analysis  presented  below  that  our 

results  will  also  hold  for  more  general  boundary  conditions 

than  the  homogeneous  condition  specified  by  (3,24b).  In  order 

to  correlate  the  initial-boundary  value  problem  (3.18),  (3.24a), 

(3.24b)  with  the  abstract  initial  value  problems  considered  in 

§2  we  introduce  the  scime  spaces  which  were  employed  in  the  analysis 

00 

presented  in  C13,  i.e.,  we  let  Cq((2)  denote  the  set  of  three 
dimensional  vector  fields  with  compact  support  in  (2  whose  components 
are  in  c"*(n)  and  we  take  H = L2(0),  the  completion  of  Cq((2)  under 
the  norm  induced  by  the  inner-product 


(3.25a)  <v,w>j^  = /jj  v^w^  dx 

T 00 

while  = RqLQ)  i the  completion  of  CqC(2)  under  the  norm  induced 


(2)  Dq  and  are  assumed  to  be  continuous  on  (2. 
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by  the  inner  - product 


3v.  3w. 

1 1 


(3.25b)  SSTT  ‘‘i 


3 3 


Finally  H = the  completion  of  Cf.Cn)  under  the  norm 


f-  3w.  3w.  , "1 

I/a  ''iV?l^<l/a  53;^  5337  J 

• T T 


C3.25c) 


3 3 


It  is  well  known  that  H^Cn)  £ L2Cn),  both  topologically  and 

algebraically,  and  that  H^Cn)  is  dense  in  L2Cn);  we  denote  the 

embedding  constant  for  the  inclusion  map  i:  H^Cn)  ■*  L2Cn)  by 

''  1-1 

Y and  define  operators  N c LgCH^Cn);  H (n))  and 
K c L^CC-®,");  igCHpCn);  H ^Cfl)))  as  follows:  for  any  v e H^Cn) 


(3.26a)  (Nv).  = ^0)  [006^3,6  - v.],  c^  H b^/a^fCO) 


(3.26b)  CKCt)v),  .=  $Ct)v,  - C^)Ut)6i,,6j^ 


To  verify  the  formal  symmetry  of  the  operator  N we  compute 


(3.27)  <v,Nv>,  = /_  v.(Nv).  dx 


/f,  c_6.,  6.*  -5 — § — v.dx  - v.v.dx  / 
0 ik  3Xj3x^  1 - ■'n  i 1 -J 

f‘  3v.  3v.  3v. 

^ 3n  ''i  3x7  ^ j “ -^n  SjT  HT  1 

3 3 3 J 


- 'J'(O)  1 |v|  I 


(3)  Any  v c HQ(n)  satisfies  v = 0 on  3n  by  virtue  of  a standard 
trace  theorem. 


1 
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= - VCO)[Cq]  I vj  Jyl  + = <Nv,  v>j^^ 


with  a similar  result  for  KCt),  - <»  < t < “>.  From  (3.27)  and 
the  definition  of  it  is  clear  that  condition  Cii)  of  §2,  i.e., 
<v,  Nv>t  i 0,  Vv  £ will  be  satisfied  if  ’I' CO)  < 0 and 

CbQ/aQ)  < 0.  Also,  for  any  v £ H^Ci)) 


(3.28)  <v,  KC0)v>j^  = /jj  v^[KC0)v]^  dx 


= YC0)/j^  v^v^dx 

b 3^v 

- C^)«>C0)/j^  '^ik'^jf  9Xj3x^  ''i^? 

= «0)Mvll^^  - (^)»(0)[/„  V.  ^ n.lx 

3v.  3v. 

~ ^ a 3x7  asrr 
3 3 

= no)i  ivi  1,^  + (^)$(o)  I ivi  1^1 

and,  therefore,  if  Ca^/bQ)  < 0 then 
(3.29)  - <v,  KC0)v>j^  ^ 0,  Vv  £ hJcO) 

prtvided  *C0)  ^ 0 and  "*FC0)  i 0;  with  these  latter  conditions 

/V 

statisfied,  and  (a^/b^)  < 0,  it  is  clear  that  the  operator  K(0) 
will  satisfy  condition  (i)  of  §2.  Clearly,  in  the  present  situation, 


r ' YCO)  and  so  we  Bust  require  that  VCO>  >0.  Ifte  now  want  to 
de  ineate  the  fores  assueed  by  the  hypotheses  in  iiii)  of  tfi 
to  this  end  we  oust  first  coBpute 


(3.30)  M’^tOJO*  I“gi 


l<\ ,htt)ws,  I 




I/q  v.llttt)vjjd*| 


■ sup,  — 5- 

v<Hh0)  llvll'i 

- o • "0 


ilftDilvii?  • (^)«(t)nvii£ti 


■ sup, 
v<Hq(0) 


tSL 


llvll^l 

• "0 


s |T(t)|su 


( ■ :.  h)  . 1^21 

Viiviiji  / ••o' 


UCt)! 


1 Y^|T(t)|  ♦ -^1  If(t)|. 


T(t)  B r(t>,  and  in  a siailar  fashion 


0.31)  nK,(t)lli^O,ltO,,  « T*lf<t»l  . 1^1  liUH 


Therefore,  the  conditions  eatbodied  in  (ill)  of  12  will  be  satifled 

A 

by  K(t),  as  defined  by  (3.26b),  provided 


(3.32a)  /•|T(t)|dt  ♦ |s^| /q*  *^^^ '**^  ^ * 

find 

(.J.33b)  Y^  /J/!«lT(t-t)|dTdt  ♦ |i^|/J/!«l*(t-t)|dtdt  < - 


for  ooch  T < •.  Colloctins  our  rotuffs  w«  con  ctoto  th«  followinc 

Lowno  Tho  ciporotor*  M « l^CIlQUi)*  M ^(0))  «a4  K t L^CC'***)* 

H'^(O)).  which  or«  dotinod  by  (J.96«)  ond  (J.fib), 
rospoctivoly • Kotisfy  condition*  (i)»  (ii)«  «nd  (iil)  of  12 

provided  I 

i 

(i*)  (b^/oQ)  < 0 I 

(ii*)  1(0)  < 0.  V(0)  * 0 

(ill*)  •CO)  * 0 

ond  T(t)»  t(t)  sotisfy  (3.)2«)  ond  (I.J2b)  for  ««ch  T < •. 

CAdditionolly » we  require*  thet  t(0)  > 0 so  thet  the  deapinf 
coefficient  in  the  eystea  (2.11)  is  positive). 

I 

As  *n  sMsapie  of  the  wey  in  which  the  results  of  12  epply  | 

to  the  situation  at  hand  we  will  consider  the  followinf  initial- 

I 

value  problea  for  < C^C(0,T)i  H^CO)),  0 > Ot 


0.3*) 

D®  ♦ 

.tt 

T(0)dI  - So®  ♦ K(t-t)D®(t)dt  *0,  0 « t • T 

•»  ”^h*  * * 

0.3S) 

D®(0) 

• ?o>  ??“>»  • ?i  ‘eo-  ?i  • 

A 

0,  - • < t < - t^ 

(3.36) 

D®tt) 

*“  ■ 

n 

m 

g(0)p^(t),  -t^  s t < 0 

where  g(B)  is  a aonotonically  increasing  function  of  0 for 

0 < 0 < ••  and  is  continuous  in  the  ll*ll|^  none  with 

lllv(t)||,  -•  0 as  t ~t^*  We  assuae  that  the  conditions 
n n 

m A A 

delineated  in  the  above  1 


are  satisfied  so  that  N,  K(t)«  satify 


(i)i  (li)t  and  (iii)  of  i?*  then  the  following  result  is  a direct 
cofi;#*f}u'.nce  of  theorem  II. 2;  Let  D c C (tO,T)i  H^CQ))*  B > 0, 
he  .*  stiong  solution  of  C3.34)  - C3.36),  with  f(0)  > 0.  Suppo  le 
that 


(3.37a) 


l'5o"Sj  • 


* IIPI'I 


(3.37b) 

(3.37c) 


D,>,  >0  (the  form  assumed  by  condition  (iv)  of  12) 

T(-t)<Do,  D.  (t)>,  dT  < ♦(-t)<Drt,D.  (t)  >„1  dt 

-O  -n  Lj  |aQ|'-tjj  -0  .h  Hq 

(the  form  assumed  by  condition  (v)  of  12) 


and  that 


(3.37d) 

T ^"t^*«‘Po-  Ei’l/2’4'Po'  Ei"Lj  - 

for  some 

6 > 0,  where 

(3.38) 

Wg  = CT(0)  1 IDqI  Il^/2<Pq,  ♦ 6 

then 

(3.39) 

sup  1 )D®(t))  )„1  i X 

— <t<T  ' 41^ 

whe  re 

(3.40) 

U = ^ /ol*Ct)|dt  + /J/!.l*Ct-T)|dTdt) 

♦ Y^CjlfCO))  ♦ /“lTCt)|dt  ♦ /J/^.ltCt-T) Idxdt) 


T 


^ It  ■ ' IgCHjoi)  ; H‘^(f2)) 

+ /qI  IKCt)l 

+ /J  /-col • LgCHjCfl)  ; 


Once  gC6),  the  initial  data  DqCx),  D^(x),  x e fl,  and  the  past 

history  D^Cx,t),  -t^^  < t < 0,  have  been  specified,  along  with 

the  constitutive  constants  a^  and  bg  and  the  memory  functions 

4>(t)  and  S’(t),  -tj^  < t < T,  all  of  the  quantities  on  the  right-  j 

hand  side  of  (3.39)  are  computable.  If  only  the  form  of  eithei 

♦ (t)  or  H'(t)  (or  both)  are  known,  e.g.,  4>(t)  = exp(-X^t), 

♦(t)  = exp(-X2t),with  X^  > 0,  X^  > 0 not  specified  or  known  a 
priori,  then  (3.39)  could  be  used  as  the  basis  for  a series  of 
experimental  tests  to  try  to  determine  Cor  simply  bound)  X^  anc 
X^,  i.e.,  we  might  hold  the  initial  data,  the  past  history  Dj^, 

the  time  interval  C-t.  , T) , etc.,  fixed  and  measure  sup  ||D^(t)||„l 

^ -t.  <t<T  ~ "O 

h 

as  B is  varied  continously;  in  principle  such  a practice  may  h( 
difficult  to  carry  out  if  we  can  not  first  verify  that  the 
hypotheses  of  the  above  lemma,  as  well  as  (3.37a)  - (3.37d),  art 
satisfied.  Other  experimental  tests  could  be  based  on  estimates 
which  are  analogous  to  C3.39)  and  which  follow  by  applying 
Theorem  II. 1 and  its  Corollary  to  the  present  situation;  the 
delineation  of  the  precise  forms  assumed  by  these  estimates  is 
a simple  exercise,  completely  analogous  to  that  which  resulted 
in  obtaining  (3.39)  from  Theorem  II . 2 and  is,  therefore,  left 


to  the  reader. 
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